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ABSTRACT: We study Wilson loops in the three-dimensional N' = 6 supersymmetric Chern-
Simons theory recently constructed by Aharony, Bergman, Jafferis and Maldacena, that
is conjectured to be dual to type IIA string theory on AdS; x CP3. We construct loop
operators in the Chern-Simons theory which preserve 1/6 of the supercharges and calcu-
late their expectation value up to 2-loop order at weak coupling. The expectation value
at strong coupling is found by constructing the string theory duals of these operators.
For low dimensional representations these are fundamental strings, for high dimensional
representations these are D2-branes and D6-branes. In support of this identification we
demonstrate that these string theory solutions match the symmetries, charges and the
preserved supersymmetries of their Chern-Simons theory counterparts.
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1. Introduction

This work focuses on supersymmetric Wilson loop operators in the three-dimensional
Chern-Simons (CS) theory of Aharony, Bergman, Jafferis and Maldacena [. This the-
ory is conjectured to represent the low-energy dynamics of N coincident M2-branes at a
7y, orbifold of the transverse R® space. This in turn has an alternative description as a
weakly coupled type ITA string theory on AdS; x CP? (or more generally M-theory on
Ad54 X 57/Zk)

There are several reasons to focus on Wilson loop operators. They can be defined in any
gauge theory and in the case of pure Chern-Simons theory, which is topological, they are
the principal observables. While the theory of [[]] includes additional matter fields, Wilson
loops are still very natural observables. Furthermore, these operators play an important
role in the AdS/CFT correspondence [f], since they are dual to semiclassical strings in the
dual supergravity background [, f]]. Lastly, in the case of N' = 4 supersymmetric Yang-
Mills (SYM) theory in four dimensions, the expectation value of the 1/2 BPS circular



Wilson loop is a non-trivial function of the 't Hooft coupling A and the rank of the gauge
group N, yet it can be calculated exactly and matched with string theory [{—fi]. It is
therefore interesting to see if an analog observable exists in the 3-dimensional theory.

The supersymmetric Chern-Simons theory has two gauge groups of equal rank NV and
opposite level k and —k. In addition to the gauge fields there are bosonic and fermionic
fields C7 and 1y respectively in the bi-fundamental (IN,N) representation of the gauge
groups and their complex conjugates.

With two gauge groups and this matter content there are quite a few possibilities to
construct gauge-invariant Wilson loop operators. One choice would simply be the standard
Wilson loop operator in one of the gauge groups (with gauge field A, or Au)

W = %Tr?exp <z’/Audm“> . (1.1)

Our experience from N = 4 SYM in 4-dimensions suggests that such a Wilson loop is not
supersymmetric, which can be verified by a direct calculation.

In the four dimensional theory a supersymmetric Wilson loop couples also to an adjoint
scalar field [[l, f]. Here there are no adjoint fields, but we can use two bi-fundamental fields
to construct a composite in the adjoint

1 2 _
W = NTr’PeXp/ (z’AHi“ + %|:i:|M}C’ICJ> ds. (1.2)

M } is a matrix whose properties will be determined by supersymmetry. This is the Wilson
loop operator we shall focus on.

With the appropriate choice of M j, this Wilson loop will turn out to preserve 1/6 of
the supercharges (4 out of 24) when the path of the loop is a straight line or a circle. In
the first case it has a trivial expectation value, but not in the case of the circle, where we
calculate it to 2-loop order in the gauge theory and to leading order at strong coupling.
For arbitrary shape it will not preserve global supersymmetry, but we still expect it to be
the natural observable with a simple description in the string theory dual.

The next section studies the Wilson loop in the gauge theory and the following section
does the same from the string-theory side.

In the course of this work we have learnt that some of our results were independently
obtained by several other groups [J-[L1].

2. Gauge theory construction

In this section we study the Wilson loop ([.J). We classify the conditions for it to be
supersymmetric, derive the perturbative expression for this Wilson loop and calculate it
at two loop order in an expansion in the 't Hooft coupling A\ = N/k.

2.1 Supersymmetry

The N/ = 6 CS theory has 12 Poincaré supercharges (Qrj)a = —(QJr)a, where I,J =
1,...,4, and the spinor index takes the values a = 1,2. Along with the 12 superconformal



supercharges S7y, to be discussed below, these make up the 24 supersymmetries of the
theory. From [[[] we have the supersymmetry transformations of the bosonic fields of the
theory

5Cx = (0" Qrs) Ok = 0" eryx ",

0C* = (0" Qry) CF = 0" (67 s — 85 1),

5A, = (0" Q1)) A, = kz 0" 6, (Crpy — Cppr + ergpp™ CF),

211 ~LT
% 0" ,( Cr — 10y + ey, CHPT).

(2.1)

5A, = (0" Qry) A, =

with the Poincaré supersymmetry parameter (677 )a. We note the complex conjugation
properties CX = (Cx)T, % = (Yk)" and (07) = Leryxr 05F.

Let us then consider the supersymmetry variation of the Wilson loop ([[.9) and demand
that it vanishes for a suitable choice of the #/7. One then finds the following condition

OW ~ 6057 [~ o507 + |2 das MI1Cp ($0)5

- B (2.2)
+ergrr O (@, 0" T03 5P + |2| 60 ME ] (hF)gCF =0

For a supersymmetric loop both terms in the above have to vanish seperately. Let us
then consider a straight space-like Wilson line in the 1 direction, i.e. 2#(s) = 6'*s and
decompose the above equation with respect to the projectors Py = %(1 + o1). We then
find from (B-3) the conditions

oL (=67 + M) + 0% (67 + Mf) =0, (2.3)
E]JKLH_IFJ (5§+M§)+E[JKL9£J (—5§+M§) =0, (2.4)
where Hi‘] = P;#'7. To analyze the possible solutions it is simplest to start with one

specific supercharge, parameterized without loss of generality by a non-vanishing 9}3. This
choice implies

100 0
M = 8(1)_01 8 . MIc;Cl =i Ct + o C? — 503 — 401 (2.5)
00 0 —1

It is simple to see that this choice of M } then allows for one more independent non-vanishing
supercharge, parameterized by 63%.

This Wilson loop operator is therefore invariant under two out of the 12 Poincaré
supersymmetries, i.e. 1/6 of the super-Poincaré generators are preserved.!

Let us now turn to the 12 super-conformal symmetries (S!7), = —(S71),. The super-
conformal transformations of the A’ = 6 CS theory have been constructed recently in [[[4].
For the transformations of the bosonic fields the only change with respect to (R.1) is the

replacement '/ — z - on!/ while the super-conformal transformations of the fermionic

!'Note that if the sign of the §5 terms in (@) was the opposite, the choice M! = ¢4 would preserve half
the supercharges. Alas, this is not the case.



fields receive an additional contribution. This additional term, however, does not affect
the variation of the Wilson loop operator ([l.2) and the super-conformal analogue of the
above Wilson line analysis then results in the simple replacement of 87 — 7//s ol in (PJ)
and (R.4). Hence, also two of the 12 super-conformal symmetries are intact and we indeed
find that the Wilson line operator ([.J) is 1/6 BPS.

This analysis is valid for an infinite straight line. Under a conformal transformation
a line will be mapped to a circle, which will therefore posses the same number of su-
persymmetries. The conformal transformation mapping the line to the circle mixes the
super-Poincaré and superconformal charges, hence the circular Wilson loop is invariant
under a linear combination of Q7 + S/,

These Wilson loops are invariant also under some bosonic symmetries, part of the
SO(4,1) x SO(6) symmetry of the vacuum. There is an SL(2,R) x U(1) subgroup of
the conformal group comprised, in the case of the line, of translations along the line P,
dilation D, a special conformal transformation K7 and a rotation around the line, J.
These generators combine with the supercharges to form the supergroup O Sp(2]2) (with
a non-compact Sp(2)). In addition there is an extra SU(2) x SU(2) subgroup of the SO(6)
R-symmetry group rotating Cy <« Cy and C3 <« Cy that leaves M }, and hence the Wilson
loop, invariant. The supercharges, being in the antisymmetric representation of the R-
symmetry group are neutral under this extra bosonic symmetry.

Thus far we have discussed space-like Wilson loops. For a straight time-like Wilson
loop we find similar conditions, only that the matrix M will be imaginary. For a straight
light-like line the scalar contribution to ([[.) vanishes, but the loop is still supersymmetric.
In this case it is invariant under half of the super-Poincaré charges and all the super-
conformal ones. The fact that the scalar coupling is real for a space-like curve, imaginary
for a time-like one and vanishes for a light-like curve is familiar from A/ =4 SYM in four
dimensions [§].

Given a choice of supercharges it is an interesting question to ask what is the most
general loop preserving it. We saw that the basic Wilson loop ([[.3) with the geometry of
a line or a circle preserves four real supercharges. Under this choice of supercharges the
matrix M f was fixed, as was the value of #,. So the loop is restricted to be a line in a
fixed direction. Parallel lines will preserve the same super-Poincaré charges, but different
superconformal ones.

Thus the choice of four supercharges completely fixes the geometry of the loop. How-
ever, this does not mean that there is only a unique Wilson loop preserving these super-
charges, there are different ones with the same geometry but in different representations
of the gauge groups.

In ([1.3) we chose one of the gauge groups, but a similar operator exists also in the
other group. In that case instead of C7C” the scalar bilinear will be of the opposite order
C”7C;. More generally, we can take the Wilson loop to be in any representation of each of
the gauge groups, so the most general Wilson loop will be characterized by a pair of Young
tableau for the representations R and R

W;R _ % TrRPef(iAuab“—l—%"\i\M}C‘IC"])ds iﬁRPef(iA#a‘cu%\a‘c\MjéJcI)ds] ‘ (2.6)



This in fact over-counts the number of Wilson loops. Recall that in Chern-Simons
theory there are 't Hooft vertices which are in the k’th symmetric representation [[L5, [Lf].
These are important to create some of the local gauge invariant states in the theory [fl], but
they also affect the Wilson loops. Since they can be added freely, they essentially identify
representations which are related to each-other by multiplication by the k£’th symmetric
representation. Thus they reduce the number of distinguished Wilson loop observables to
be those given by Young tableau with fewer than k& columns.

Furthermore, it could also be quite difficult to find all of those different Wilson loops
in the supergravity limit. In similar cases (like in orbifolds of N = 4 of SYM) only the
Wilson loops that are symmetric under interchange of the gauge groups have a known sim-
ple description. In this theory the most natural operator of the type (E) is the one that
is symmetric under the exchange of the two gauge groups, while exchanging also the rep-
resentation with its conjugate (since the matter is in the fundamental - anti-fundamental).

We expect therefore our string theory solutions presented in section [J to correspond
to this linear combination of Wilson loops in the two gauge groups. The leading planar
contribution will be a single string, dual to a single-trace Wilson loop (or a multiply
wrapped Wilson loop). For very large representations the planar approximation breaks
down and the fundamental string should be supplanted by D-branes.

2.2 Perturbative calculation

Let us now turn to the perturbative evaluation in A = N/k of the 1/6 BPS Wilson loop ([[.9)
for circular and straight line contours. We shall work in Euclidean space. At leading order
in A the only possible contribution is from a tree-level gluon exchange which is identical
to that in pure CS theory. The result is rather subtle and depends on the “framing” of
the Wilson loop, which is extra information needed to define it beyond the path of the
loop (c.f. [[7-[9]). We will take a slightly naive approach; since the gluon propagator
is proportional to the antisymmetric epsilon tensor, it vanishes for all loops lying in a
plane. This corresponds to zero framing. A possible additional subtlety arises from the
self contraction of the two scalars fields at leading order. We take them to be defined as
normal ordered. Hence there is no contribution at leading order in A.

Expanding W to second order we need the one-loop corrected Feynman gauge gluon
propagator and the bare scalar propagator calculated in appendix [i] (see also R(])

1 _-5ul/p(33_y)p N< O

M g8,ml—yl)|
Pl 2 =P TR g %Ol yO]
1

P
U e =y

<Au($)ijf4u(y)kl> = 0ikdji

(CD)g(2) (C7);;(y)) = 67 6 (2.7)
At this two-loop order one finds that in the loop-to-loop propagator the propagator of the
composite scalar M f C’Cy, diagram (b), combines with the one-loop piece of the gauge
field propagator, diagram (a), to give

N3 [@y - &g — |d1]|22]

Dlw1(71), 22(T2)] = — k2 (x1 — x9)?

— 0rOry In|z1 — 22| (2.8)



Figure 1: The two-loop Feynman diagrams contributing to a circular (W). The bold circular
line represents the Wilson loop contour, whereas wiggly lines denote gluon and straight lines scalar
propagators.

We would like to point out a subtlety in the last term, which being a total derivative
can be removed by a gauge transformation — albeit a singular one. Depending on the
regularization it may lead to divergences along the loop, as we do not expect divergencies
for the supersymmetric Wilson loop we conclude that it should be dropped. Also note that
the scalar contribution is insensitive to the choice of signs in the £1 entries of the diagonal
M } as these come in squares. One sees that for a straight line this yields a vanishing
effective propagator, while for the circle it gives a constant propagator D = N3/(2k?)
somewhat similar to the situation in four dimensional N' = 4 super Yang-Mills. Thus this

11 N3 7n2N?2
Ni)’gdﬁ}{dﬁﬁzv' (2:9)

There are two other diagrams contributing at O(k~2). The diagram (c) is the interac-

contribution gives at O(k~?2)

tion between a scalar bilinear C; C” and a gauge field

I
<%TI‘ %dTl dT2 zw’f]wg\%Au(xl)Cfé‘](wg) /d?’w Tr (iapCKApéK - z’c‘),,C’KCKAp)>
1 0 1

P =0.
|21 — w]3|xe — w| Ow |z2 — W)

x j{dﬁ dTo /d?’w Euwp B || (21 — w)
(2.10)

It is zero because the integrand is odd in the third component of w, i.e. the component
orthogonal to the plane of the circular loop.

The remaining diagram (d) is an interaction of three gauge fields through the Chern-
Simons interaction. This graph appears also in pure Chern-Simons theory and its value
depends only on the topology of the loop. The circle is an “unknot”, for which the result
is —N272/(6k?) [L9].

Putting together the O(k~2) contributions we find

2 A72 2 A72
W) =1+ % - %T]g + Ok, (2.11)
where we have separated the O(k~2) contribution into two terms, one from the combined
gauge-field and scalar exchange and the second, the topological contribution identical to
pure Chern-Simons.



Figure 2: Some examples of higher level N-gon tree graphs.

So far we discussed the Wilson loop in one of the two U(XN) factors, but it makes
sense to consider the linear combination of the operators in the two groups (R.€]). In
particular we expect the string theory duals to be symmetric under the exchange of the
two groups. As mentioned before, one would be lead to take the Wilson loop in the
conjugate representation, which can be simply expressed as the usual Wilson loop with an
overall sign reversed.

The perturbative calculation for the second gauge group is identical to the first up to
some sign changes. The sign of the level k is reversed, which will change the signs of the
propagators and the interaction vertex. The total number of them in all of the graphs of
order A\? is always even, so that will not create any change. But the overall sign in the
Wilson loop is also reversed which will affect the signs of the graphs where the loop was
expanded to odd-order. In our case there is only one such graph, figure fld. This is the
graph that gave the pure CS contribution.

Therefore at the 2-loop order if we consider the two possible linear combinations of the
loops in the two gauge groups in the fundamental and anti-fundamental representations,
the sum of the two will not include the CS term and the difference will include only the
CS contribution.?

For the 1/2 BPS circular Wilson loop in N = 4 in four-dimensions the gauge field and
scalar propagators combined to a constant, similar to what we have found here at order
A2. In four dimensions the interactions also cancel and the full answer is given by summing
over the free constant propagators, i.e. a zero-dimensional Gaussian matrix model [f, [
In that case the result in the planar approximation can be expressed in terms of a Bessel
function
2 \/X):{l—ké)\—i-"' for Ak1 (2.12)

W= anar ~ —=1
( W VA 1 eVA for A >1

In the case at hand it is clear that interactions do contribute. For one, the constant
propagator D = N3/(2k?) emerged from the sum of the one-loop corrected gluon self-
energy and the tree-level scalar exchange (B.§). Furthermore independent of that we also
found the result of pure Chern-Simons. Another novel feature is that the tree-level graphs
do not only have ladder structure. Rather, there will be in general tree level graphs of
N-gon topology due to the biscalar coupling in the loop, see figure P

Let us also note that in the case of N/ = 4 SYM in four dimensions there are other
BPS Wilson loops preserving fewer supercharges whose perturbative expansions are rather

2The possibility for such a cancelation was first observed in [@]7 though for a somewhat different con-
struction. See also @]



complicated and do include interacting graphs. Still there is some evidence that they
are given by the same answer as the circular Wilson loop (R.12), only with a rescaled
coupling 23R4

While there is no strong evidence for a simple cancelation, we still find it conceivable
that the 1/6 BPS circular Wilson loop will also have an exact perturbative result that can
be resummed to all orders, like the supersymmetric Wilson loops in four-dimensions. If
indeed so, then to get a match with the string theory result in the next section the coupling
in the analogeous matrix model result (2.19) would certainly have to be renormalized in
some way.

3. String theory description

The three-dimensional N/ = 6 CS theory is conjectured to be dual to M-theory on AdSy x
S7/Zy. To understand the action of the Zj; orbifold, one should write S7 as a circle
fibration over complex projective space CP?, where the orbifold acts on the fiber (see (B7)
below). For large k the radius of this “M-theory circle” becomes small, so the theory can
be described in terms of type IIA string theory on AdS; x CP? with string-frame metric

d82 dSidS4 + 4d8(%:ﬂ;>3) . (31)

= (
We choose in this paper to work in the string theory picture, but all the solutions we
describe below should also have an uplift to the full M-theory.

For the AdS, part we may use the global Lorentzian metric

dsid&l = —cosh? pdt* 4 dp?® + sinh? p(d92 +sin? @ d?/)2) . (3.2)

or as foliated by AdSs slices

dsid&l = du® + cosh?u d5,24d52 + sinh? u dg? . (3.3)
g2 dp? — cosh? pdt? appropriate for a time-like line, (3.4)
SAdS, = :

: dp? + sinh? p dy? | appropriate for a space-like circular loop.

The metric on CP? can be written in terms of four complex projective coordinates z; as

4 2 4
Zzi dz;| p? = Z |22 . (3.5)
i=1 i=1

In the following we choose a specific representations in terms of angular coordinates
(used also in [27, R1]). We start by parametrizing S7 C C* as

1 o 1
d8(2c]13>3 = o) Z dZZ' dgl -
[t p

[0 191 ;
21 = cos = cos — ! (ZP1TXFO/4

Z9 = COS 2 sin ot T2+ O/
2 2 (3.6)

o Uy o,
73 = sin 5 cos — e!2p2x+0)/4

R T
Z4:SIH—SII17€Z( Zp2=x+O)/4



The metric on S7 is then given by
2 1 2 2592 | 292 5 2 2 Q092 2 92 5 9
dsgr =2 da“ + cos E(dﬁl + sin® 97 dep]) + sin E(dﬂz + sin® Y5 d3)
1
+ sin? % cos? %(dx + cos ¥ dpy — cos Uy dipy)? + Z(dC +A)? ], (3.7)

A =cosady + 2 cos? % cos V1 dpq + 2sin? % cos Vg deo . (3.8)

The angle ¢ appears only in the last term and if we drop it we end up with the metric on
Ccp?

-

dstps = ~ |da? + cos? %(dﬁ% + sin? 97 dp?) + sin? %(dﬁ% + sin® 92 dy3)

(3.9)
+ sin? % cos? %(dx + cos 1 dp1 — cos g dg02)2 .
The ranges of the angles are 0 < o, ¥,92 < 7, 0 < 1,9 <27 and 0 < x < 4.
In addition to the metric, the supergravity background has the dilaton, and the 2-form
and 4-form field strengths from the Ramond-Ramond (RR) sector
R3 3 k
20 3
= — Fy=-R’dQ F,=-dA. 3.10
]{73 ) 4 ] AdSy 5 2 4 ( )
Here d44s, is the volume form on AdS; and F5 is proportional to the Kéhler form on
CP3.
To write down the general D-brane action in this background one also needs the po-
tentials for these forms. The one-form potential is, up to gauge transformations

o = SA, (3.11)

With A defined in (B.§).

Cjs, the three-form potential for Fy will actually not play a role in our current calcu-
lations, but we write it down for completeness. The forms are defined in principle only
up to a gauge choice, but since C3 involves the non-compact directions and it may couple
to branes that approach the boundary of space, one should impose a proper asymptotic
behavior on it. It seems like the analog of choosing Fefferman-Graham coordinates [R§]
is to take the 3-form to not have any component in the du direction in the coordinate
systems in (B.4). Such a prescription indeed gave the correct result in N'= 4 SYM in four
dimensions [29].> We therefore have for the three-form potential

1 5 3 coshpdt Ndp N do, appropriate for a time-like line
C3 = =R’ cosh” ux
8 sinh pdy A dp A do, appropriate for a space-like circular loop.
(3.12)
The dual of Fy is proportional to the volume form on CP3
3RG g
Fg = xFy = oA sin® acsin ¥y sin o da A didy A didg Adx A dpr A dps . (3.13)

3See a more detailed discussion in @]



The five-form potential for Fg can then be written as

Rﬁ

Cs =~ 55 (

sin? avcos o + 2 cos a — 2)sin ¥y siny ddy A dds Adx Ndpr ANdps . (3.14)
Here we chose a gauge that is regular at o = 0. Reversing the sign on the —2 term in the

parentheses gives the gauge that is regular at oo = 7.
The relation between the parameters of the string background and of the field theory

R3 [2N

In the strong coupling description of ' = 4 SYM in terms of type IIB string theory on

are (for o/ = 1)

3.1 Fundamental string

AdS5 % S%, a Wilson loop in the fundamental representation is given by a fundamental string
ending along the path of the loop on the boundary of space. We expect this property to
extend from A = 4 in four dimensions to our Wilson loops in the 3-dimensional CS theory.

In N =4 SYM the natural Wilson loop carries an SO(6) vector index, representing
its position on S°, the analog for CP? would be the fundamental representation of SU(4),
though we saw that the 1/6 BPS Wilson loop couples to two scalars, one in the 4 representa-
tion and the other in the 4 with a matrix M. This matrix breaks SU(4) — SU(2) x SU(2),
so the string theory dual should not be localized at a point on CP? (which would break
SU(4) — U(3)) but rather smeared along a CP*.

Still, if the scalar couplings are constant along the loop, we can forget about the CP3
part of the o-model and focus on AdS;. Any known string solution found in AdSs which
can be embedded within an AdSs subspace is immediately a solution for this theory. So,
many results that were derived for Wilson loops in N' = 4 SYM are valid also for our
Wilson loops in A/ = 6 CS. For example the expressions for the anti-parallel lines (“quark
- anti-quark potential” [J, ) and for the light-like cusp [B1] are exactly the same in the
planar limit up to the change A\—4 — 27%Acg. A similar result for the cusp anomalous
dimension was obtained from rotating strings in [If].

In this paper we focus on supersymmetric configurations of straight lines or circles.
The analog of the straight line on the S? x R boundary of global AdSs (B.9) is a pair of anti-
parallel lines at antipodal points on S? (or in the coordinate system (B.4) one sets u = 0).
The string solution describing them is an AdSs subspace spanned by the coordinates p
and t. After subtracting a divergence, the resulting action vanishes, meaning that the
expectation value of the Wilson loop is unity.

To describe the circular Wilson loop one could use the Poincaré patch metric, as was
done in [B3, ], or use global AdS4 and for simplicity take the circle to wrap a big circle on
S?% ie. § = /2 at constant time ¢ (or u = 0 in the metric (B.4)). The string solution will
now be a Euclidean AdS5 section spanned by p and 1. The action is proportional to the
area

3 2w 0
String, ol. = R— / dy dp sinh p = 7v2\ (coshpg — 1) . (3.16)
’ 87Tk 0 0

— 10 —



Here pg is a cutoff near the boundary of AdSy (which is also at the boundary of AdSy)
and we expect the divergent term to be removed by a boundary term as in [§. Using the
standard AdS/CFT dictionary we derive

(W) ™A (3.17)

string ~ e

As mentioned before, this string would not be localized on CP2, but has to be smeared
on a CP'. This can be the sphere parameterized by ¥; and ¢; at o = 0 in the coordinate
system (B.9). As mentioned before, in the string theory picture there isn’t a simple way of
distinguishing between the two gauge groups. We expect this string (as well as the D-branes
discussed below) to correspond to a linear combination of Wilson loops which is symmetric
under the exchange of the two gauge groups. Note that this is also the combination in the
gauge theory where the pure Chern-Simons term at order A2 dropped out.

The uplift of this string solution to M-theory is straight forward.

3.2 D2-brane

In N = 4 SYM in four dimensions a Wilson loop in a low dimensional representation is
well represented at strong coupling by a free string in AdSs x S°. For representations
of dimension of order N a better description is in terms of D3-branes (the symmetric
representation) or D5-branes (antisymmetric) [{, B9, B3—PB7. This is the Wilson loop
version of a giant-graviton [Bg-[(], sometimes also referred to as “giant Wilson loop.” For
even higher dimensional representations the branes back-react on the geometry and one
instead finds “bubbling geometries” [[]—[q].

In this subsection we present a D2-brane solution that is a possible candidate for a
dual of Wilson loops. In the next subsection we present a D6-brane solution. In support of
the identification with Wilson loop operators are their symmetries, their charges, classical
action, and the supercharges they preserve.

Since the Wilson loop has an SL(2,R) symmetry we expect the D2-brane to have an
AdSs factor, which will be inside AdSys. The third world-volume direction will be compact
— a circle. We therefore take as world-volume coordinates p, ¢ from (B.3) (or alternatively
pand t, or p and ¢ from (B.4) with u = 0) and a third world-volume coordinate 7 of period
2.

We have found a few different solutions to the equations of motion of the D2-brane
with this circle made of the ¢ circle at non-zero u in AdSy (B-4) and/or a circle inside CP3
similar to those of [f7]. While the experience from AdSs x S5 might lead one to suspect
that the dual of the Wilson loop in the symmetric representation should have the circle
inside AdSy, these solutions have a different gauge-theory interpretation [[t§]. The most
likely candidate for a dual of the Wilson loop has the circle inside CP3.

Since our Wilson loops have an SU(2) x SU(2) symmetry which acts by rotating z; into
z9 and z3 into zy4, it is natural to take the circle to be in the x direction, i.e. x = —27 (recall
that x has period 47 and the choice of sign seems to be dictated by suspersymmetry). We
would still need to set its location in terms of the other angles 91, 1, ¥2, @2 and «. For
now we take all of them to be constants, which seems to be a consistent ansatz. At the
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end, in order to restore the SU(2) x SU(2) symmetry (and the correct supersymmetry) we
will smear the brane over the 91, ¥2, ¢1 and o directions.

The action includes the Dirac-Born-Infeld (DBI) piece and the Wess-Zumino (WZ)
coupling

Sps = Tho / e~ \/det(g + 27/ F) + Tpo / [P[Cg] + 2mia! P[Cy] A F] . (3.18)

Here ¢ is the induced metric and F' is the intrinsic field strength on the world-volume. To
describe a Wilson loop, which carries electric charge the component Fy, = E cosh p will be
non-zero, in the Lorentzian case. For the dual of the space-like circular loop, which is the
case we work out in detail, it will instead be Fy, = E'sinh p. Being that it represents an
electric field and that the signature is Euclidean, it is imaginary. P[Cs] is the pullback of the
RR three-form potential, which vanishes on our configuration and P[C}] is the pullback of
the one-form. The last term comes with an 7 again due to the fact that we are in Euclidean
signature.

After fixing all the other angles, the angles a and /2 parameterize an S? of radius
1/2. The field-strength F» in (B.10) is that of k/2 Dirac monopoles, but the one-form (B.11)
with A as in (B.§) is singular at both a = 0 and o = 7. Instead we take

C) = g(cosa —1)dy, (3.19)

which is regular at & = 0. The same expression with (cos a + 1) will be regular at a = 7.
Plugging our ansatz in we find

T 3
Spe = D2 Rt /dp di dr sinh p [sin a1+ 2E?2 —ifE(cosa— 1) (3.20)

8

with 8 = 87k/R3 = \/2/)\ (setting o/ = 1). and note that we are using conventions where
the D2-brane tension is Thy = 1/472.
The equation of motion for « allows it to be an arbitrary constant but gives the relation

iBE = —cosa. (3.21)

The gauge field is a cyclic variable and the flux through the brane is proportional to the
conjugate momentum

oL k
= dmi =2 3.22
p T =g (3.22)
Now we wish to evaluate the action on this classical solution. As is explained in [29],
the action as it stands does not give the correct classical value, since it is a functional of
the electric field and one should take a Legendre transform to replace E by p. The result
is
R3 ) k
SL.T, classical = Sclasical — PE = 5 dp sinh p = 3 7V 2A(cosh pg — 1) (3.23)

Once we remove the divergence from large p, we see that this solution agrees with that of
k/2 fundamental strings.
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The charge and action agree exactly with that of k/2 fundamental strings, while the
angle « is completely arbitrary. To see if there are solutions with [p| < k/2 it is useful
to consider the Legendre transform before solving the equations of motion. The action in
terms of p is

Tpe R?
Si.1. = Spy — pE = ~22

k
/dp di dr sinh p\/p2 + ﬁ(k —2p)(1 —cosa).  (3.24)
p

The equation of motion for « gives
(k - 2p) sina =0, SL.T, classical = —P - (325)

So either the solution has p = k/2 and arbitrary a or sina = 0 and p is arbitrary. The first
case is the solution presented before, while in the second it is not justified to use the D2-
brane description, since it is singular, and a better description is in terms of p fundamental
strings.

Note that the two gauge choices for C; change the string charge by k, meaning that
the charge is defined only modulo k. This is in agreement with the expectation from the
gauge theory, where the k-th symmetric representation is analogous to the trivial one by
the inclusion of an 't Hooft vertex.

It seems like the only regular configuration describes k/2 coincident Wilson loops (or
a Wilson loop in the k/2 symmetric representation). We found singular solutions for other
charges, but it is possible that our ansatz was too restrictive and that there are other regular
solutions for arbitrary charges. We note here that also in AdSs x S°, while there are many
explicit solutions for giant gravitons with fewer than 16 supercharges (see e.g. [I9]), only
one class is known for 1/4 BPS Wilson loops [B({], so it is not too surprising if we cannot
classify all possible D-branes dual to the 1/6 BPS Wilson loops in the three-dimensional
theory.

Furthermore note that usually the D-brane description of gauge theory operators is
valid for representations of order IN. The type IIA description is valid though for large
A = N/k, so a symmetric representation, whose dimension is capped by k, cannot approach
N. This may explain why we find a regular solution only at the maximal value of p.

3.3 D6-brane

The D2-brane solution seems to correspond to a Wilson loop in the symmetric represen-
tation, similar to the D3-brane in AdS5 x S°. There a Wilson loop in the anti-symmetric
representation was described by a D5-brane, and the analog in our case is a D6-brane. We
present the solution here.

This D6-brane will wrap a 5-dimensional submanifold of CP3, which we choose to have
explicit SU(2) x SU(2) symmetry, as does the gauge theory operator.

Like the string and the D2-brane, the D6-brane will span an AdS,; C AdS4. As usual,
for the time-like Wilson line on antipodal points on S? it is parameterized by p and t, while
for the circular loop it is parameterized by p and 1. Inside CP? it will extend in the x, 91,
1, Y9 and g9 directions at constant . We also turn on an electric flux proportional to
the volume form on AdSs, so either F' = E cosh pdt A dp, or F' = Esinh pdiy A dp.
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The straight-line case will give a zero answer while the circle should give a non-trivial
result. Due to that and the fact that the calculations are essentially identical, we write
here the details for the case of the circle.

The action for this brane will include the DBI piece, as usual, and the Wess-Zumino
term coupling the pullback of C5 (B.14) to the world-volume field strength F,, = Esinhp

Sps = Tos / [e—¢ Jdet(g + 27/ F) + 21iP[Cs] A F] . (3.26)

Plugging in our ansatz we find

RT;
Spg = ZTk];G /sinhpsin Y1 sin 9 [Sin?’ a1+ 32E? — iﬁE((sin2 a+2)cosa — 2)] .
(3.27)
Here 3 = 87k/R? = \/2/\ and Tpg = 1/(2m)°.
Integrating over the five remaining coordinates on CP? gives a factor of 2673 and we
are left with an effective theory on AdS3. Now the equation of motion for « fixes the value
of £

iBE = —cosa. (3.28)
The string charge carried by the D6-brane is the conjugate to the gauge field

B —iﬁ B RT3
P=""E = 7 &2

where we used that N = R5/(3272k). The value of p ranges between 0 and N, where the
appearance of IV is a manifestation of the “stringy exclusion principle,” and is an indication

(1 —cosa) = %(1 —cosa), (3.29)

that this D-brane represents Wilson loops in anti-symmetric representations.

Now we evaluate the classical action by performing a Legendre transform, replacing
the electric field with its conjugate p. We also integrate over AdSs which gives a divergent
answer, but whose regularized area is —27

4 9T N —
Sur. =8 —ipE = —% sin o = —7v/2) ’% . (3.30)

This is indeed symmetric under p «» N — p, as should be the case of the antisymmetric
representation. Also for small p it agrees with the result of p fundamental strings.

This construction is very similar to the D5-brane in AdSs x S® but some of the details
are different. Here the relation between the charge p and the angle « is trigonometric,
while in the other case it is transcendental. Also the final answer (B.3(]) is much simpler
in this case. Note that the Gaussian matrix model reproduced the D5-brane result, so any
modification of it to match the Wilson loop in /' = 6 CS should reproduce (B.30), once
the relevant limit is taken (including non-planar corrections).

3.4 Supersymmetry

We turn now to checking the number of supersymmetries preserved by our string and D-
brane solutions. We work in this section in Lorentzian signature and take the Wilson loop
(and resulting AdSs surfaces) to be timelike.
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As a first step one needs to choose a set of elfbeine and find the Killing spinors. This is
done in appendix [B, where the Killing spinors of M-theory on AdSy x S7 in our coordinate
system are found to be

(SIS

@ n 91 » 9
e (=) o 3 (A15—780) o 7 (Y19 +716) o = 5 AWy = F V58 (3.31)

_& _& Pamy Lo~ 8 [
e 2 Me 2“/6962“/“{162“/7062“/1262’72360:M607

€0 is a constant 32-component spinor and the Dirac matrices satisfy vp1234567805 = 1.
The angles &; are the phases of 21, 22, 23, 24 from (B.6)

_ 2ot x+¢
4 )

—2p1 +x+¢
4 )

_ 2pp —x+¢

_ —2p2 —x+¢
4 ’ '

(3.32)

&1 §r = €3 &
Here ( is the fiber direction on which the Z; orbifold acts.
To see which Killing spinors survive the orbifolding, we write the spinor € in a basis

which diagonalizes

i%yy€0 = S1€0, i58€0 = 52€0 , iv47€0 = S3€0, iY69€0 = 54€0 - (3.33)

All the s; take values £1 and by our conventions on the product of all the Dirac matrices,
the number of negative eigenvalues is even. Now consider a shift along the ( circle, which
changes all the angles by & — &; + /4, the Killing spinors transform as

Meg — Mei3(sr+satsatsa) e, (3.34)

This transformation is a symmetry of the Killing spinor when two of the s; eigenvalues are
positive and two negative and not when they all have the same sign (unless J is an integer
multiple of 47). Note that on S7 the radius of the ( circle is 8, so the Zj, orbifold of S7
is given by taking 6 = 87 /k. The allowed values of the s; are therefore

(+7+7—7_)7 (+7—7+7_)7 (+7_7_7+)7
(s1,52,83,54) € {(—,+,+,—), . (_7_’+7+)} (3.35)

Each configuration represents four supercharges, so the orbifolding breaks 1/4 of the su-
percharges (except for k = 1,2) and leaves 24 unbroken supersymmetries.

3.4.1 Fundamental string

Let us look now at the supersymmetries preserved by the string solution in section B.1].
The string solution spans the p and ¢ coordinates at some fixed values of the angles # and
¢ (which we set to zero for simplicity).

The supersymmetry condition for the fundamental string is*

1
(1-T)Me=0  with I'= =Ty =701. (3.36)

4We denote Iy := e}, 7o where ej; is the elfbein with 1 a curved and a a tangent space index.
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It is simple to rewrite the equation after multiplying from the left by M~1. Setting
a = 0 we have

v v 9 . 9
MIITM=T <cos2 ?1 + cos 71 sin 71 eIV HEY58 (A gy) — sin 71’?75&) (3.37)

At the point ¢¥; = 0 we get the projector equation
(1-T)e =0 (3.38)

Note that I' is an independent operator which commutes with v47, 758, 69 and 4y, so it
will break half the supersymmetries. A localized string solution will therefore preserve 12
out of the 24 supercharges.

As mentioned above, we expect the dual of the 1/6 BPS Wilson loop to be a string
smeared along a CP' subspace of CP3. This is given by taking arbitrary ¢;, & and & at
a = 0. We can see that if we impose the condition

(95 — vy)e0 = 0, (3.39)

then together with (B.3§) this will guarantee that the equation (1 —I')e = 0 is satisfied at
any point with a = 0.

The equation (B.39) is identical to the requirement s; = sp (B.33). Therefore out of
the six allowed eigenvalue combinations of the s; in (B.39) only two survive: (+,+,—,—)
and (—, —,+,+). Together with (B.3§) this means that four supercharges are preserved, as
was found also in the gauge theory calculation.

3.4.2 D2-brane

The supersymmetries preserved by a D2-brane are determined by solving the following
equation on the D2-brane solution

Fe=e, (3.40)
where € = M ¢ is the Killing spinor of the background, and where I' for our D2-brane

solution is given by (see e.g. [B1])

B 1
LpBI

r (I*3>4-2ﬂzﬂ1§pI*1%w> . (3.41)

Here
8:];1“‘1 8:1;“2 8:1;“3

HIR2ES 551 92 Ho3

is the pullback of the curved space-time Dirac matrices in all world-volume directions and

ré=r

(3.42)

I'M is the same, excluding the directions of the field strength F;,. Plugging in our choice
of coordinates and the details of the solution discussed in section B.3 we find

R3
ré = T cosh p sin avg17,
e _ B - 3.43
2o Fy ) I = 16 cosh p sina cos a7, (3.43)
3
LpBl = 16 cosh p sin v .
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And we therefore find that (B.4() reads

(’Yol + Cosafyu)’we = —sinae. (3.44)

While we expect the D2-brane dual to the Wilson loop to be smeared over the directions
parameterized by ¢, ©1, ¥J2 and vp,, we start by considering a brane localized at the point
where all these angles vanish. With ¢ = 92 = ¢1 = 2 = 0 the Killing spinor is greatly
simplified

Q (R — —X(g1+s S t 45
€91 =03= o1 =p3=0 = o1 (=) o= F(s1452) 59 3900 (3.45)

where we remind the reader that the s; are c-numbers obeying s1 + so + s3 + s4 = 0. We
then rewrite (B.44) in a suggestive manner

e® e = Yy €. (3.46)

Next we note that 479 and 471 commute with both 77, and 7914, and therefore the p and
t terms from the Killing spinor trivially cancel.

Then, multiplying from the left by e~ 7(37~77) and commuting it though Yo1y we find
the following dependence on the angle «

e gy = e~ 2 (Y74—77) Yoiy €0 (3.47)

It is now clear that in order to solve (B.44) the following two conditions must be imposed
upon €y,
Yya €0 = —Y7€0, o1 €0 = €0- (3.48)

Since 97y, €9 = 51 €9 and iy47 €9 = 53 €9, We see that the first of these two conditions is that
$1 = —s3, while the second condition, as we saw previously for the fundamental string,
acts independently to halve the supersymmetries. Out of the six possible signs of the s; in
(B.39), the condition s; = —s3 chooses four: (+,+,—,—), (+,—,—,+), (—,+,+,—), and
(—,—,+,4). Recall that each choice corresponds to 4 supersymmetries, all of which are
halved by o145 €0 = €9. We have therefore a total of 8 out of 24 supersymmetries preserved,
i.e. the D2-brane at fixed ¥1, J2, ¢1 and ¥2 is 1/3 BPS.

A D2-brane localized at any other point will also preserve eight supercharges, we want
to check which ones are shared by all of them. Consider then a D2-brane at the point
Y1 =7 and ¥ = 1 = w9 = 0. In this case the Killing spinor is

Q (R, — T (A — _X P 14
€9y =r, 9o=p1=pa=0 = e 1(111=m) o T (115 —80) g~ 4 (51192) o 537 03 70¢ (3.49)
Using relations like
e~ iNB eI EIB = o= §us and e1Me™ T 108 = ¢~ 4778 (3.50)

transforms the projector equation to the form of (B.47) with the replacements 54 — —7s,
Y7y — Y78, and Yo15 — 81827014 S0 the equation is solved for € satisfying

Y45 €0 = Y78 €0, 5152701 €0 = €0- (3~51)
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The first condition is analogous to imposing s; = —s3 and leaves the sign choices
(+,+,—,-), (—,+,—,4), (+,—,+,—), and (—, —,+,+). The second condition is a modi-
fication of the usual one (yp1; — 1)ep = 0 for states with s; # sa.

Together with the previous condition, s; = —ss3, for the D2-brane at 97 = 0, this leaves
only the two configurations (+,+,—, —) and (—, —,+,+). Now also s; = s, so the second
condition in (B.51]) agrees with that in (B.47) giving a total of four real supercharges. These
are the same supercharges preserved by the fundamental string after it was smeared on
CP.

A similar analysis can be done at any other value of the angles ¥, ¥2, 1 and 95, but
it is rather involved. A simpler route to the proof is to impose on the Killing spinor the
conditions s = s9 = —s3 = —s4 which eliminates from the Killing spinor all dependence
on these angles

€= e Mg 358 e 0 | (3.52)

Commuting the Dirac matrices in the projector equation (B.46) through we find that after
imposing (7015, — 1)eo = 0, the projector equation is satisfied.

We conclude that after smearing the D2-brane, we end up with a configuration which
is 1/6-BPS, like the Wilson loop operators in the gauge theory.

3.4.3 D6-brane

The supersymmetry projector associated to the D6-brane is I'e = €, where now (see
e.g. [B1)
1 7 5 7 axiu‘l ax;uf7
F = EDBI (F( ) + 27Ta/ BP F( )7h> R F( ) = F,LL1~--H7 m e W . (353)

I'®) again is the same as I'("), excluding the directions of the field strength F,. Plugging
in our choice of coordinates and the details of the solution presented in section B.3, we find

(’YOl + cos ’yu) V56789 € = Sin v €. (354)

The form of this projector is quite easy to understand. I'V, T®) and the Lagrangian share
the same volume element on CP? and with the field-strength also that of AdSs. Then the
remaining factors come from SE = — cos o and a factor of \/1 — 32E2 = sin o in the DBI
Lagrangian.

The equation is very similar to that in the D2-brane case. It needs to be checked for
all values of 91, 1, ¥2, w2 and x. One first chooses a pair of points and verifies that the
same conditions as for the fundamental string and the D2-brane are necessary at those two
points. Then we can use these conditions, in particular s; = sy = —s3 = —s4 = £1 to

express the Killing spinor as (8.52)
€= e BMMe 35180 | (3.55)

Now we rewrite (8.54)) as
e AT ¢ — T € = yppp €. (3.56)
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Since 970 and 47, commute with 7, ¥69, V58, and Yo1y, the p and ¢ terms from the Killing
spinor trivially cancel. We are left with

eV gy = Yotg e3¢ (3.57)

The alpha dependence drops since 71y anti-commutes with 77, so finally we are left with
the condtion g1y €9 = €9. We have therefore found that the D6-brane preserves the same
supersymmetries of the smeared fundamental string the D2-branes and of the Wilson loop
operator.

4. Discussion

In this paper we studied supersymmetric Wilson loops in the A/ = 6 Chern-Simons theory
constructed by Aharony et al. . The natural Wilson loop observable couples to a bi-linear
of the scalar fields and we studied the simplest such loops, with the geometry of a line or
a circle both in the gauge theory (at order A\?) and at strong coupling using fundamental
strings, D2-branes and D6-branes in AdS; x CP3.

In the maximally supersymmetric theory in four dimensions the circular Wilson loop
has a non-trivial expression which can be matched between the gauge theory and string
theory by an exact interpolating function. It would be interesting to see if such results
apply also here, though the basic Wilson loop observable preserves 1/6 of the supercharges,
not 1/2.

It is a rather puzzling fact that the natural Wilson loops preserve only four super-
charges. A fundamental string ending along a straight line on the boundary of AdS; and
localized on CP? preserves 12 supercharges. In order to match with the gauge theory ob-
servable and its SU(2) x SU(2) symmetry we smeared the string over a CP!, and it indeed
broke the supersymmetry down to 1/6. But the question remains what is the gauge theory
dual to a localized fundamental string.

We comment below on some possibilities to construct such operators, but will not
pursue them here further.

The Wilson loop (@) preserves 4 supercharges which match with 4 out of the 12
supercharges preserved by the localized fundamental string, but it breaks the other 8. Those
other eight supercharges will not annihilate this loop, but transform it into a different loop
and by repeated action one can generate a full multiplet of Wilson loops. This multiplet
is closed under the action of all the required 12 supercharges, so the state created by
integrating over all those Wilson loops with flat measure will necessarily preserve these 12
supercharges.

This is a standard way of enhancing symmetry, by integrating over the zero modes of
the broken symmetry. It is guaranteed to give an object with at least the desired symmetry,
but it might also lead to a trivial operator, the identity or 0. It would be interesting to
construct this operator explicitly and study its properties.

Let us point out here another possible construction of a supersymmetric Wilson loop.
Consider the purely bosonic operator ([[.1]) with the holonomy in both of the gauge groups
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and in opposite representations. Such a Wilson loop may be writen schematically as

W =TrPexp <z’/(A“ — A@dm“) . (4.1)

The relative sign was put in by hand to represent the fact that if the first group is in the
fundamental representation the second one is in the anti-fundamental, and hence the gauge
fields act on the fields from the right, rather than the left.

A naive tree-level calculation of the supersymmetry variation of this loop will show
that it is invariant under all the supersymmetries, the variation of A canceling that of
A after taking the trace. We do not expect this to extend beyond the tree level, and
indeed the expectation value of this loop will suffer from divergences at order A\?. But it is
possible that this loop will become supersymmetric once augmented with the correct scalar
insertions.

One can also use this operator to construct open Wilson loops, by putting a bi-
fundamental field, say C7 at one end and an adjoint field C/ at the other. Furthermore,
one can start the open Wilson-loop at one C7 and then continue to insert more C; fields
along its path. After each scalar field the representation of the Wilson loop will change
(to a product representation of the fundamental-antifundamental). Because the operator
(C1)* is gauge invariant (with the inclusion of an 't Hooft vertex), after k insertions, the
Wilson loop can end.

These are two ways of constructing open Wilson loops. While we don’t expect a loop of
finite extent to be supersymmetric, one can consider the infinite line with a distribution of
bi-fundamental scalar field insertions. With an appropriate choice of scalars (the simplest
being all identical), the same naive argument would lead one to conclude that this Wilson
loop preserves some supersymmetries. We leave a closer examination of those Wilson loops
to the future.
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A. N =6, d = 3 super Cherns-Simons-matter action and Feynman rules

Here we summarize the action and conventions for the perturbative computations. The

field content consists of two U(NN) gauge fields (A,);; and (Ap);;, the complex fields (Cr)y
and (CT);; as well as the fermions (¢7);, and (¢!); in the (N,N) and (N,N) of U(N)

I
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respectively, I = 1,2,3,4 is the SU(4)gr index. We employ the covariant gauge fixing
function 9, A" for both gauge fields and have two sets of ghosts (¢,c and (¢,¢)). We work
with the Euclidian space action (see [53, l, bJ])

2 S 2
Scs = —iﬁ / PP [Tr <AH8,,AP +3 AMA,,AP> — T (AuayAp +3 AuA,,Ap> ]

Set = 412 &’z E Tr (9, A")? + Tr (9,8 Dyic) — %Tr (8, AM) + Tr (9,,¢ Dué)]
SMatter = /d3$ [Tr (D, Cr D*CT) + i Tr (" E)¢I)] 4 Sy (A1)

Here Sy are the sextic scalar potential and 12C? Yukawa type potentials spelled out in [[If).
The matter covariant derivatives are defined as

D,Cr =9,C1 +i(A,Cr —Cr A,)
DMCJ = OMCJ —i(C! Ay = Au Cr)

(A.2)
Dytpr = Oty +i(Ayor —br Ay)
DMEI = a;ﬂ/_)l - ZWI A - Au ¢I)
From this we read off the momentum space propagators
27 pupy ] 1
<(A,u)ij(p) (Au)kl(—p)>0 = k‘ 511 5]19 [@wpp +£ H ] p
- A 2m p P 1
((A)is0) (A (=pbo = = b b [epp +E 7257 |
_ 2T 1
((©)ij(p) (©)r(=p))o = = 8i1 Ojk o
) : o 1 (A.3)
((€)ij(p) ()k1(—p))o = % it O I?
(Coap) (€ (=0 = 81 865 =
()3 (0) (07);5(=p))o = =67 0y 5@ ”
We also note the relevant Fourier transformations to configuration space:
5;w PupPv 5;w 1 11
= - — — 1 — — - A4
[p p3 L3—>27T2:172 42880gx p? d_g_)471:17 (A-4)

A.1 The gluon self-energy

The one-loop correction to the gluon self energy from gluon and ghost contributions is
known to vanish (see e.g. [f2]). We here evaluate the matter contribution.

For bosons in the loop there are two graphs to consider, the four-valent bubble vanishes
in dimensional regularization. The other graph comes from expanding the cubic vertex to
second order from e~ “Matter;

<( iTr (A, C1 0,07 — 89,0107 A,)) (i Tx (A, C 8,07 — 8uCIC*IAH))> (A.5)
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Contracting, Fourier transforming and amputating the gluon legs yields the self-energy

3k (2k 2k y
15 (p) = N o7 / (%)3( ;p(;"fr k;p 3 (A.6)

This is to be contracted with two gluon propagators (we use Landau gauge £ = 0 from now

contribution

on) to get the one-loop corrected gluon propagator

21\ % €upnp™ (B, | ExveD’

B,1

G = () ) 24 (A7)
In this expression we see that the term in the integral proportional to p, in (A.§) drops
out. Performing the integral in (A.f) in dimensional regularization yields a finite result.
Contracting with the two e-tensors we find

o\ N 1 Pup
By _ (2T al _ Dubv
G (p) ( p ) 6 » (% 2 > : (A.8)
Turning to the fermionic contributions to the loop we need to contract
(GTr @A) (iTx (BT ipeer) ) (A.9)
yielding
&k tr(y, (F + ) wh)
I () = _N 1/ © vrs Al
Qv (p) 6[ (271‘3) k2 (p + k)g ( 0)
We note

tr (V) = 2 (=0 p -k + kupy + puky) (A.11)

where the last two terms vanish upon contraction with the epsilon tensors of the attached
gluon propagators. This leaves the p - k term. Upon using a Feynman parameter «, only
the momentum shift of k¥ — k — (1 — a)p will survive integration. This gives

Bk [t —p?(1 — ) p773 2I‘ 1/2
INGLS,, = —2Né§L6,
010 / <2w>3/0 OGETF ol = a)p? 1% / v

B —N¢t 10D
B 8

(A.12)

We must also consider the term:

tr (v vh) =2 (=0 k- k + 2k,ky) . (A.13)
Upon shifting the momentum k as above we obtain

2
— 26 [ 4+ (1= a)2p?] +4 [y + (1 — @)2pupy] — —20 [% +(1- oz)zpﬂ (A.14)

where we have symmetrized the k,k, integral, and removed the p,p, term as it is killed
by epsilon contractions. Integrating over k& we find

1
—2N63(§7‘:’;3/0 da[—%éwgﬂg/QF(—l/Z) a(l —a)p (A.15)

(1- a)3/2
_5WT

NOgowp

7T3/2F(1/2)p} =2—5
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We therefore have

or\? N &t 1 Dup
(Fyl) — _ I _ 5 _ 12 A].
and so the combined bosonic and fermionic matter contributions yield
or\? 1 N ot DuPy
G =GN0 + 60w = () 57t (0w -2E0) . (aa)

B. Killing spinors

In this appendix we derive an explicit form for the Killing spinors in the coordinate system
where the metric on AdSy is (B.2)

ds% s, = R? [dp® — cosh? pdt® + sinh? p(df? + sin® 0 d¢?) ] . (B.1)

and the metric on S is given by (B.7)

R2
dsfq7 = [daz + cos? %(dﬂ% + sin? 92 dp?) + sin? %(dﬂ% + sin” 93 dip3)
+ sin? % cos? %(dx + cos ¥ dpy — cos g dips)? (B.2)

. 2
+ <7C + cos? % cos 91 dipy + sin® % cos Vo dipa + CO;a dX> ] :

We take the elfbeine to be

R R R
60:§coshpdt, elzadp, 62:§Sinhpd9,
R R R
ed = Esinhpsin9d¢, et = gda, e = icos%dﬁl,
R R
e = gsin%dﬁg, el = ECOS%SiH%<COS’L91 dp1 — cos s d<,02—|-dx),
R «a R Q
g 1t @ . 9:_ Q.
e’ = 5 cos 5 sin¥y dpq, e 5 sin 5 sin ¥ dipg |
b R 9 O R
e=— (d(+2cos Ecosvﬂl dp1 + 2sin Ecosﬁgdcpg—i-cosadx). (B.3)

To find the relevant Killing spinor equation for this background we look at the super-

symmetry transformation of the gravitino

1 1
60, = Dye — 5o (F:A”” _ 85;FAPU>FVAPJE, Dye = e + i ave (B.4)
The 4-form corresponding to the AdS, x S7 solution is F,)po = 6€uxp0, Where the epsilon
symbol is the volume form on AdSy (so the indices take the values 0,1, 2,3). Plugging this

into the variation above one finds the Killing spinor equation

1,
D,e = 3 Ve (B.5)
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where u runs over all 11 coordinates, and 4 = 49123, Note that small v have tangent-space
indices while capital I' carry curved-space indices. Calculating the spin-connection for our
chosen elfbeine, we find the following explicit Killing spinor equations

ate — ’Yl ef “/“106

Ope = 59M1€
(B.6)

[\) }—kl\’)l»—\[x:)l»—\

8@6 = =712 e PMe,

1
Dype = 5 (coth py13 + cos 723 + sinh psin 0 4vy3) e = 0,

and
1.
On€ =1 (Y74 = rm)e,
1
Op€ =7 ( Ays €™ 21 —78u62m)
1
Dy, € =1 (7466 277 4 g 6277“)
1 a 5 . N _as o
Oy, € =1 (cos Y1 v58 — cos V1 Ay ez 0m =) 4 gin 9, (778 e 27 4 5y e2m>) e, (B.7)
1
=1 (cos D9 Y69 — €08 ¥ Ya7 €2 0 =1) 4 gin 0, <’Y49 e 21 4 ygre 2“’”))
1 .
Oxe =3 ( (yar = Avp)e” "7 + 60 — 758) €
Oce = 8(758 + Y69 + a7 + Vg€ -

These equations are solved by the following Killing spinor

oG (ra—7m), % (55— Y81) e %2 (y79+16) —%wne—%%s, (B.8)

_& _& PAmy tamo O [
e 2“/476 27696277162770627126272360:./\/leo,

where the ; are given by

201 +x+¢
4 b

—2p1 +x+¢
4 )

202 —x +¢

—2p2 —x +¢
4 ’ )

{1 = &= §3 = §a =
(B.9)

In (B.§) ¢ is a constant 32-component spinor and the Dirac matrices were chosen such that

V01234567895 = 1. A similar calculation in a different coordinate system was done in B4

One may also consider the AdSy in terms of AdSs slices (B.4)
ds® = du® + cosh?u (— cosh? pdt? + dpz) + sinh? u d¢?, (B.10)
a vierbein basis being given by

eV = gcoshucoshpdt, el = gcoshudp, e? = du, €= gsinhuqu, (B.11)
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leading to the following spin connection

W =sinhpdt, w* =sinhucoshpdt, w'? =sinhudp, w? = —coshudp. (B.12)

In these coordinates the final four factors in the Killing spinor in (B.§) are replaced by

e b Pan tA
2123723051 03770 | (B.13)
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